The second-harmonic resonance of weakly nonlinear progressive waves in a selfgravitating cylindrical fluid column is examined. The steady state analysis of the dynamical equations governing the second harmonic resonance reveals that the general motion consists of both amplitude and phase modulated waves. The pure phase modulated waves, the pure amplitude modulated waves, solitary waves, and phase jump are obtained as special cases.
I. INTR~D~C~ON The stability of a self-gravitating incompressible and inviscid fluid cylinder is of considerable interest in describing the appearance of condensation within astronomical bodies. The linear analysis for such a stability problem was considered by Chandrasekhar and Fermi [2] who show that the configuration is gravitationally unstable for all axisymmetric perturbations with wavelengths exceeding 1, (=27rR/1.0668). Later, Tassoul and Aubin [ II] investigated the effects of finite amplitude disturbances, obtaining the nonlinear cutoff wavelength beyond which gravitational breakup occurs.
The stability of nonlinear dispersive weves on the surface of a selfgravitating fluid column was investigated by Malik and Singh [4, 5] . It was shown that the wave train of constant amplitude is modulationally unstable to perturbations whose normalized wavenumbers exceed 1.19677 .
The nonlinear wave-wave interactions govern the mechanism of energy exchange between different modes in a dispersive medium. The phenomenon of second harmonic resonance occurs when the frequencies and wavenumbers of two interacting waves satisfy the conditions o, = 2w, and k, = 2k,. The fundamental and the second harmonic in such a case travel with the same phase speed. This type of resonance has been studied for water waves by Wilton [12] , Simmons [9] , McGoldrick [7] , Nayfeh [8] In this presentation, we consider the second harmanic resonance in a selfgravitating, incompressible, inviscid fluid column. The linear theory due to Chandrasekhar and Fermi [2] (see also Chandrasekhar [3] ) is reviewed in Section III. The uniformly valid solution for the second order problem and the dynamical equations involving the fundamental and second harmonics are then obtained.
In Section IV, we present the steady state solutions of the dynamical equations governing the second harmonics. The analysis shows that the envelope of two resonant waves can be described in terms of the Jacobian elliptic function and the elliptic integral of the third kind. The solitary waves, phase jump, pure amplitude and phase modulated waves are then derived as special cases of the above general solution. The pure phase modulated waves so obtained are similar to periodic finite amplitude waves of "permanent" form discovered earlier for water waves by Wilton { 12).
II. FORMULATION We consider an infinitely long self-gravitating fluid column of radius R embedded in vacuum. The flow is assumed to be initially quiescent, so that the subsequent motions are irrotational and axisymmetric. All the physical quantities have been normalized with respect to the characteristic length R and the characteristic time (4&p)-"'. The basic equations are V#(r, 642) = 0,
V%(r, e, 2) = 1, (2) and V2w(r, 8, z) = 0,
where 0 < r Q 1 + ~(z, t), with ~(2, t) denoting the elevation of the free surface measured from the unperturbed level. Here, 4, u, and w represent velocity, internal, and external gravitational pate&&, respectively. The boundary conditions at the free surface r = 1 + ~(z, t) become a't+a'l4 ad * ---= , at az az ar
(5) (6) and au aw -=-. az az (7) To solve Eqs. (1) to (7) for small but finite E, where E denotes the weakness of the nonlinearity, we employ the method of multiple scales by introducing the following temporal and spatial scales:
Moreover, we assume that 4, U, W, and 7 possess the uniformly valid expansions of the form u = c &%,
zo 
In writing the above equations, we have made use of the zeroth ' order solutions of (1) to (7).
III. DERIVATION OF DYNAMICAL EQUATIONS
The travelling wave solution of the linear problem is given by '11 =A@ , , tJ exp(W) + c.c, 
yl=kz,-ot 0'
The frequency w and wavenumber k must satisfy the dispersion relation
The dispersion relation (37) was first obtained by Chandrasekhar and Fermi [2] where it was established that the self-gravitating fluid cylinder is unstable for all perturbations with wavenumber less than k, = 1.0668. We examine now the condition under which the two waves can interact resonantly. For the occurrence of such a resonant interaction, it is necessary that both (k, w) and (nk, nw) for some integer n > 2 must depend upon each other through the dispersion relation (37). The first resonant wavenumber k, corresponding to n = 2 is given by the equation 
From the above equations we get a, = -2.54857, and (x2 = -1.24682. The nonsteady solution of Eqs. (50)-(51) subject to arbitrary initial data is not yet available. Thus, we confine ourselves here to the steady state solutions of these equations.
IV. STEADY STATE SOLUTIONS
On letting A, = f,(r) exp(im&, f,(t) = a, exp(if?,J with m = 1,2 and < = I, -AX, where p, 1 are constants, the equations (50), (5 1 
The constant E in Eq. (61) is proportional to the energy density in the system and is independent of relative phase. The spatially homogeneous solutions can be obtained by setting both 1 and ,U equal to zero (see Armstrong et al. [ 1 ] and McGoldrick [7] ). For the case p = 0, we recover the solutions by Simmons [9] . With a view to derive the bounded solutions, we shall impose some restrictions on the parameters E, L, ,I, and p. The conditions to ensure stability when p= 0 are given by
For the bounded solution to exist, the first of (66) requires that either 1-l > 0.39017 or 1-r < 0.22167. The steady state solutions of the dynamical equations (50) and (51) 
Thus, the general solution consists of both phase and amplitude modulation of the waves. We shall consider now some of the special cases. 
Equations (74) and (75) It is interesting to observe that as t --) CL), a, -+ 0 and a, -+ (E/3;')"2, leading to a motion independent of the fundamental mode. Thus, there is a complete transfer of the energy from the fundamental mode to the higher mode due to resonance. The stability analysis predicts that these waves are unstable to small disturbances resulting in both amplitude and phase modulated waves. In this case, we have a periodic wave of constant amplitude. Hence, only pure phase modulated waves can exist where the nonlinearity adjusts the phase speed of the second harmonic to that of the fundamental mode. These types of finite amplitude waves were first discovered by Wilton [12] . It may be noted that these waves are also unstable to small disturbances and therefore result in aperiodic waves.
